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Overview

Viscoelastic fluids include: food products like egg whites, mayonnaise, and molten chocolate, biological
fluids such as mucus and blood, as well as industrial materials like paint, adhesives, multi-grade oils, and
polymers [29]. From this list of examples it can be seen that a viscoelastic fluid shares the properties
of both a viscous fluid and an elastic solid. In order to describe the motion of a viscoelastic fluid the
constitutive law modeling the relationship between the fluid’s stress and deformation must incorporate a
history of the fluid deformation. The complicated nature of the equations governing viscoelastic flow make
finding analytical solutions difficult, if not impossible. Hence, the study of good numerical methods to obtain
approximations to the modeling equations of viscoelastic flow is of both academic and industrial interest.
Good numerical methods can give insight into applications such as biological fluid modeling, as well as fiber
and film processing. To this end, my research has centered on numerical analysis and mathematical modeling
of viscoelastic fluids.

In my dissertation research, I focused on the analysis of a fractional step θ-method and its application to
the convection-diffusion and viscoelastic fluid modeling equations. As a postdoctoral researcher, my research
has centered on the movement of immersed elastic structures in viscoelastic fluids. (Figure 1 shows several
viscoelastic flow examples I have studied.) The following is an outline of my research contributions.

Figure 1: Left: The magnitude of velocity and streamlines for a viscoelastic fluid flow in a 4:1 contraction
geometry. Center: Trace of the extra stress tensor denoting polymer distension around an immersed droplet
in a viscoelastic fluid. Right: Stress ellipses showing direction of polymer distension when peristaltic pumping
solid particles in a viscoelastic fluid.

Fractional Step θ-method

The fractional step θ-method was introduced, and its temporal approximation accuracy studied for a sym-
metric, positive definite spatial operator, by Glowinski and Périaux in [20]. To illustrate the θ-method
consider the partial differential equation given by

∂u

∂t
+ F (u, x, t) = 0 in Ω× (0, T ]. (1)
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If we additively split the operator F (u, x, t) into

F (u, x, t) = F1(u, x, t) + F2(u, x, t), (2)

the general expression for the fractional step θ-method is obtained by dividing the time step ∆t into three
pieces, and advancing the solution from n∆t to (n + 1)∆t in the following manner:

Sub-step 1.
u
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h − u

(n)
h

θ∆t
+ F
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For the optimal value of θ = 1 −
√

2/2 the fractional step θ-method has both the second order temporal
convergence of the Crank-Nicolson method and the strong A-stability of the implicit Euler method [38]. The
θ-method is widely used for the accurate approximation of the Navier-Stokes equations (NSE) [38], [23].
In [25], Klouček and Rys showed, assuming a unique solution existed, that the θ-method approximation
converged to the solution of the NSE as the spatial and mesh parameters went to zero (h, ∆t → 0+). The
temporal discretization error for the θ-method for the NSE was studied by Müller-Urbaniak in [28] and
was shown to be second order. In [32, 33, 34] numerical implementations of the θ-method were applied to
viscoelastic fluid flow; however, no error analysis of the method was provided. In [4, 6, 7] we implemented
and analyzed the fractional step θ-method for both the time dependent convection-diffusion equation (6)-(8),
as well as for the equations of viscoelastic fluid flow (9)-(14).

Convection-diffusion: The convection-diffusion equation

∂u

∂t
−4u + b · ∇u + c u = f in Ω× (0, T ], (6)

u(x, t) = 0, x ∈ ∂Ω× (0, T ], (7)
u(x, 0) = u0(x), x ∈ Ω, (8)

models the concentration of a specimen u on a domain Ω, where b = [b1(x, t), b2(x, t)]T is an incompressible
velocity field (i.e ∇ · b = 0), c(x, t) ≥ c0 is an absorption coefficient, and f(x, t) is a given body force.
The model in (6) has two characteristic parts: parabolic diffusion in the term 4u , and a hyperbolic
transport piece given by b · ∇u. Convection diffusion was the first step in the study of viscoelastic flow, as
the modeling system for viscoelasticity involves a parabolic momentum conservation equation coupled to a
hyperbolic constitutive equation. The analysis and implementation of the θ-method for convection-diffusion
can be found in [3] and [4]. For our implementation, we completely separate the convection operator from the
diffusion operator, and stabilize the hyperbolic convective-solve using a streamline upwinded Petrov-Galerkin
(SUPG) method. Main results in [3] and [4] are:

• A description of a θ-method for the time dependent convection-diffusion problem.
• Proof of existence and uniqueness of the θ-method approximation to (6)-(8).
• Proof of second order accurate temporal a priori error estimates for the θ-method approximation to

(6)-(8).
• Numerical results verifying the optimal value of θ, that support the established a priori error estimate.

Viscoelastic Fluids: Mathematical models of viscoelastic fluids are commonly found in industrial and
biological settings where they are used to investigate materials that exhibit properties of both elastic solids
and Newtonian fluids (i.e polymers, paint, blood). The non-dimensional modeling equations for a viscoelastic
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fluid in a given domain Ω ⊂ Rd́ (d́ = 2, 3) using a Johnson-Segalman constitutive equation are written as:

σ + λ

(
∂σ

∂t
+ u · ∇σ + ga(σ,∇u)

)
− 2αd(u) = 0 in Ω, (9)

Re

(
∂u

∂t
+ u · ∇u

)
+∇p− 2(1− α)∇ · d(u)−∇ · σ = f in Ω, (10)

∇ · u = 0 in Ω, (11)
u = 0 on ∂Ω, (12)

u(0, x) = u0(x) in Ω, (13)
σ(0, x) = σ0(x) in Ω. (14)

Here (9) is the constitutive equation relating the fluid velocity u to the elastic stress σ, and (10) and (11)
are the conservation of momentum and conservation of mass equations. The fluid pressure is denoted by p.
The Weissenberg number λ is a dimensionless constant defined as the product of a characteristic strain rate
and the fluid’s relaxation time [1]. Re denotes the Reynolds number, f are the body forces acting on the
fluid, and α ∈ (0, 1) represents the proportion of the total viscosity that is considered to be viscoelastic [15].

The ga term and deformation tensor d(u) are defined as:

ga(σ,∇u) :=
1− a

2

(
σ∇u + (∇u)T

σ
)
− 1 + a

2

(
∇uσ + σ (∇u)T

)
and

d(u) =
1
2

(
∇u + (∇u)T

)
.

The gradient of u is defined such that (∇u)i,j = ∂ui/∂xj .

Accurate numerical methods for modeling viscoelastic fluid flow are challenging for a variety of reasons. The
modeling equations (assuming slow flow, where u·∇u in (10) is neglected) represent a “Stokes system” for the
conservation of mass and momentum equations, coupled with a non-linear hyperbolic equation describing the
constitutive equation for the stress. The numerical approximation requires the determination of the fluid’s
velocity, pressure and stress (a symmetric tensor). For an accurate approximation a direct approximation
technique requires the solution of a very large non-linear system of equations at each time step. The fractional
step θ-method decouples the approximation of velocity and pressure from the approximation of the stress,
thereby reducing the size of the algebraic systems which have to be solved at each sub-step. An added benefit
of the θ-method is that the algebraic systems to be solved at each sub-step are linear.

I have investigated numerical implementations of the θ-method for viscoelastic fluid flow in [5], [6], and [7],
using a SUPG approximation to stabilize the hyperbolic constitutive equation. The analysis of the θ-method
is accomplished in two main parts. Part one of the analysis, in [5] and [6], follows the method of proof
used in [4] to establish error estimates for the θ-method applied to the “Stokes system” assuming a known
stress. Also in [5] and [6], the θ-method is applied to the constitutive equation assuming known velocity and
pressure. Highlights of the research presented in [5], and [6] are:

• A description of a θ-method for the time dependent viscoelastic fluid flow using a Johnson-Segalman
constitutive relationship.

• Proof of a second order accurate temporal a priori error estimate for the θ-method approximation of
the constitutive equation assuming known velocity and pressure.

• Proof of a second order accurate temporal a priori error estimate for the θ-method approximation of
the “Stokes system” assuming a known value for stress.

• Numerical results verifying the optimal value of θ, and supporting the established a priori error esti-
mates.

My most recent work on the analysis for the fractional step θ-method applied to viscoelasticity in [7] coupled
error estimates similar to those obtained in [5] and [6] for the θ-method applied to the constitutive equation
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with known velocity and pressure, and the “Stokes system” with known stress. Ultimately, a second order
accurate temporal a priori error estimate for the θ-method applied to (9)-(11) was established [7].

Immersed Boundary Method

Maintaining the non-dimensional variable definitions from the previous section on viscoelastic fluids, the
modeling system for the movement of an immersed structure Γ in a viscoelastic flow using an Oldroyd-B
constitutive relation is:

σ + λ

(
∂σ

∂t
+ u · ∇σ − (∇u)σ − σ(∇u)T

)
− 2αd(u) = 0 in Ω, (15)

Re

(
∂u

∂t
+ u · ∇u

)
+∇p− (1− α)∆u−∇ · σ = f in Ω, (16)

∇ · u = 0 in Ω. (17)

The time dependent configuration of the immersed boundary Γ is described by X(ξ, t). Force is transmitted
to the surrounding fluid via:

f(x, t) =
∫

Γ

F (X, t)δ(x−X(ξ, t)) dξ. (18)

Here δ is the Dirac delta function. The force density F allows for both passive elastic forces and active forces
to be appled to the immersed boundary. The no-slip condition:

u(X(ξ, t), t) =
∂X(ξ, t)

∂t
=

∫
Ω

u(x, t)δ(x−X(ξ, t)) dx, (19)

ensures that the immersed boundary moves with the fluid. Thus, equations (18) and (19) couple the La-
grangian descriptions of the immersed boundary with the Eulerian description of the fluid. Using a fractional
step time stepping technique based on Kim and Moin’s extension of Chorin’s projection method [24, 2], I
have implemented the immersed boundary method to study the movement of immersed elastic structures in
both Newtonian and viscoelastic fluid flows [30]. More details and a description of my research code can be
found at :www.ccs.tulane.edu/∼jchrispe. The following are short descriptions of some of my current projects
involving immersed boundaries.

Peristaltic pumping: A fundamental method of fluid transport in many biological processes is peristaltic
pumping. The fluid pumped may be viscoelastic and particles may be transported along with the fluid e.g.
ovum transport in the oviduct, and kidney stones in the ureter. There has been recent work done by Teran

Figure 2: The trace of the extra stress tensor, σ, denoting polymer distension in a viscoelastic fluid when
peristaltic pumping a solid particle is shown after one, two and four periods of pumping.
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et al. in [36] on peristaltic pumping of viscoelastic fluids in a Stokes regime. In [8] we use the immersed
boundary framework to extend the work in [16] to the peristaltic pumping of macroscopic solid particles in
viscoelastic fluids modeled by system (15) - (19). Highlights of this work include:

• A detailed description of the immersed boundary framework and fractional step time stepping used to
simulate (15) - (19) when the peristaltic transport of macroscopic solid particles is considered.

• Numerical comparisons (without particle) to the asymptotic analysis done by Jaffrin and Shapiro
[21, 22] and numerical results of Teran, Fauci, and Shelley in [36].

• Numerical simulations showing the effect of the Weissenberg number on the mean flow rate of the fluid.
• Examination of the spatial and temporal evolution of the polymer stress field both with and without

a solid particle.

The results presented in [8] explore single sized particles placed at the center of the pumping channel. In [10]
I am extending this work by investigating the relationship between particle diameter and channel occlusion,
as well as the effects of initial particle placement on particle transport in viscoelastic fluids. Some preliminary
results are shown in Figure 2 where the trace of the viscoelastic extra stress is plotted for a particle initially
placed off center in the pumping channel. A second extension of my work involving peristaltic pumping is to
consider pumping in different geometries. In [27] we are examining peristaltic pumping in closed channels.

Liquid droplet: One of the classic models in hydrodynamics is an incompressible liquid droplet motivated
by the study of emulsions, foams, clouds, atomic nuclei, and living cells. When started in a perturbed
configuration, motion of a droplet is induced even in the absence of external forces. The dynamics of its
relaxation to an equilibrium shape are driven by surface tension. In [9] we examine the freely decaying shape
oscillations of a droplet immersed in both Newtonian and viscoelastic fluids using an immersed boundary
framework. Our results include:

• A full description of the numerical method used to study surface tension driven motion of a droplet
immersed in a viscoelastic fluid.

• A numerical study showing the role viscoelasticity plays in a droplet’s shape during relaxation:

• (High viscosity): Viscoelasticity increases the droplet boundary oscillation frequency and de-
creases its decay rate when the Weissenberg number is above a critical value.

• (Low viscosity): For nonzero Weissenberg number, the elasticity of the fluid results in the ap-
pearance of oscillations that are not observed for the same droplet in a Newtonian fluid.

• An extension of the linear-theory presented in [12] to viscoelastic fluids, and a direct comparison of
our immersed boundary computations with the decay rates and oscillation frequencies predicted by
the linear asymptotic predictions.

Hydrodynamic synchronization: In G.I. Taylor’s classic analysis of the swimming of infinite sheets in
Stokes flow, he found that two sheets swimming in-phase do the least amount of work against the surrounding
fluid[35]. Lauga extended Taylor’s results by examining the swimming of sheets in viscoelastic fluids in [26],
and, more recently, has analyized hydrodynamic synchronization of sheets in viscoelastic fluids [13, 14]. In
recent research, I have extended the computational models used in studies by Fauci et al. [17, 18, 19] and
Teran et al. [37] to examine hydrodynamic synchronization of flagella in a computational setting without
the idealized restrictions presented in [13]. Figure 3 shows some preliminary results of this research. Our
forthcoming article [11] will:

• Examine the role of curvature constraints on hydrodynamic synchronization in Newtonian fluids.
• Study how sheet synchronization is enhanced in viscoelastic fluids.
• Visualize the temporal dynamics and the spatial distribution of polymer stress field during the syn-

chronization process.
• Compare our numerical experiments with analytical asymptotic analysis.

5



J.C. Chrispell Research Statement

Figure 3: The trace of the extra viscoelastic stress tensor, σ, denotes polymer distension in a viscoelastic
fluid. This figure examines two infinite hydrodynamicly synchronizing sheets started one quarter period out
of phase. From left to right the frames specifically show the trace of the extra stress, σ, after each sheet has
undergone one half, one, and twenty sinusoidal undulations. This showcases the changing dynamics of the
viscoelastic extras stress as the sheets hydrodynamically phase lock.

Future Work

My research goals include:

Convection-diffusion

• The θ-method implemented for convection-diffusion uses two approximations of the same equation
(with different right hand sides) next to each other in the algorithm (i.e solve (5) in time step
n followed by solve (3) in time step n + 1). This hints at the possibility of creating a two step
approximation method for the convection-diffusion equations that maintains all the benefits of
the three step θ method studied in [4].

• Often convection-diffusion problems contain spatial regions where one physical phenomenon dom-
inates the other (i.e sharp advective-fronts in only portions of the problem domain). It would
be interesting to investigate operator splitting methods based on a local Péclet number which
expresses the ratio of convective to diffusive transport. This work could be extended to two-phase
flow in porous media.

Viscoelastic Fluids

• The θ-method implementation for viscoelastic fluids could be stabilized and analysis done using
discontinuous Galerkin (DG) elements to resolve the stress. This would also allow for a comparison
of the θ-method for viscoelastic fluid flow using SUPG and DG stabilization.

• The split used when setting up the θ-method for the viscoelastic fluid flow equations is not
unique. Further examination may provided a better way to decouple the equations into explicit
and implicit approximations.

Two-phase flow in porous media

• One of the key components of my collaborations with researchers at the U.S. Army Corps of
Engineers Engineering Research and Development Center (ERDC) in Vicksburg, Mississippi con-
sisted of implementing an IMPES (implicit pressure, explicit saturation) scheme to approximate
two-phase air water flow in a heterogeneous porous media. The IMPES scheme examined allowed
for a complete decoupling of the pressure phase solution from the saturation phase. It would
be interesting to investigate an implementation and analysis of a fractional step θ-method ap-
plied to the two-phase flow groundwater modeling equations as this is a natural extension of my
dissertation work.

6



J.C. Chrispell Research Statement

Immersed Boundary Method

• A natural extension of the work in [11] on hydrodynamic synchronization of infinite sheets is to
examine finite swimmers. It has been shown experimentally that sperm cells will self-organize
when their concentration exceeds a critical density [31]. The left hand side of Figure 4 shows a
preliminary implementation with four finite swimmers hydrodynamically interacting.

• Yaniv et al. studied embryo transport in [39] by examining particle trajectories in a peristaltic
pumping channel with a single closed end using a Newtonian fluid solver. The right hand side plot
in Figure 4 shows an implementation of their model utilizing my viscoelastic fluid solver. I plan
to extend the mathematical model and numerical results presented by Yaniv et al. for Newtonian
fluids to include viscoelastic bio-fluids.

• This past summer I had the opportunity to mentor two undergraduates in the use of the immersed
boundary method. To teach the students the method we examined wake structures generated in
Newtonian and viscoelastic fluids. Many of these simulations, especially those at high Reynolds
number, could have been improved if a spatially adaptive mesh had been used. I have discussed
collaborating with Boyce Griffith, and plan to add a viscoelastic fluid solver to his 3D immersed
boundary adaptive mesh refinement (IBAMR) software.

Figure 4: On the left: The velocity field around four hydrodynamicly interacting finite swimmers in a periodic
domain. On the right: Trace of the viscoelastic extra stress and the velocity field around a peristaltic pumping
channel with closed end.

More information about my research including: papers, preprints, technical reports, and numerical examples
can be found at www.ccs.tulane.edu/∼jchrispe.
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